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Abstract. We show that the constant mean curvature hypersurfaces in H"+^ 
spanning the boundary of a star shaped C^'^ domain in ^^^(H"^^) give a foli- 
ation of H"^^. We also show that if F is a closed codimension-1 C subman- 
ifold in S5j(H""''^) bounding a unique constant mean curvature hypersurface 
T,H in H""*"^ with dao^H = T for any H £ (—1, 1), then the constant mean 
curvature hypersurfaces {Sh} foliates H"^^. 

1. Introduction 

In this paper, we are interested in the question of the existence of a foliation 
of H""*"^ with constant mean curvature (CMC) hypersurfaces asymptotic to the 
given codimension-1 submanifold in S'^(H"+^). CMC hypersurfaces in hyper- 
bolic space became an area of active research after the progress on minimal hyper- 
surfaces in hyperbolic space. In BAlll . Anderson showed the existence of area min- 
imizing hypersurfaces in H""*"^ for any given codimension-1 closed submanifold 
in 5^(11"+^). He also showed that for any mean convex asymptotic boundary, 
there exists a unique minimal hypersurface in hyperbolic space. Then, Hardt and 
Lin studied the regularity of these area minimizing hypersurfaces, and generalized 
Anderson's uniqueness result to star-shaped domains in S^{ii"'~^^) in [HLl. 

In the following decade, there have been many important generalizations of 
these results to CMC hypersurfaces in hyperbolic space. In iTbl . Tonegawa gener- 
alized Anderson's existence, and Hardt and Lin's regularity results for CMC hyper- 
surfaces by using geometric measure theory methods. In the same year, by using 
similar techniques, Alencar and Rosenberg got a similar existence result in [ARJ. 
By using analytical techniques, Nelli and Spruck generalized Anderson's result on 
uniqueness of minimal hypersurfaces for mean convex domains to CMC context 
in INS I. Then, Guan and Spruck extended Hardt and Lin's result of uniqueness 
of minimal hypersurfaces for star-shaped domains to CMC hypersurfaces case in 
llGSl. 

After these uniqueness results, the question of how these CMC surfaces live 
together in H'^ became interesting. Indeed, in HCVl . Chopp and Veiling studied 
this problem by using computational methods, and had an interesting result that 
for many different type of curves in S'^(H'^), CMC surfaces give a foliation of 
H^. However, they do not classify any type of curves to give a foliation of H^, 
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but for some chosen special curves, they showed the existence of a foliation with 
computer aid. In this paper, we show that for some specific classes of codimension- 
1 submanifolds in S^(H""'"^), the fohation of H"+^ by CMC surfaces exist. 

Theorem 3.3. Let F be the boundary of a star-shaped C^'^ domain in ^^^(H""*"^). 
Then, there exists a foliation of H"+^ by CMC hypersurfaces {S/^} where T^h is 
a CMC hypersurface with mean curvature H S (—1, 1) and d^T^n = T. 

We also show that a similar result is true for any closed codimension-1 subman- 
ifold in (H"+^) bounding a unique CMC hypersurface in H"+^ for any given 
(-1,1). 

Theorem 4.2. Let F be a C^'" closed codimension-1 submanifold in ^^^(H"^^). 
Also assume that for any H G (—1,1), there exists a unique CMC hypersurface 
with dooTiH = r. Then, the collection of CMC hypersurfaces {S//} with 
H € (-1,1) foliates H"+\ 

The organization of the paper as follows. In Section 2, we give the basic defi- 
nitions and results which we use throughout the paper. In Section 3, we show the 
star-shaped case. In Section 4, we prove the general case. Finally in Section 5, we 
have some concluding remarks. 

1.1. Acknowledgements: I am very grateful to the referee for very valuable com- 
ments and suggestions. I would like to thank Brian White, Yoshihiro Tonegawa 
and Yair Minsky for very helpful comments. 

2. Preliminaries 

In this section, we will overview the basic results which we use in the following 
sections. Note that the results and the notions in this section can also be found in 
the survey article HCoSII . Let be a compact hypersurface bounding a domain 
Qn+i some ambient Riemannian manifold X. Let A be the area of S, and V 
be the volume of Q,. Let's vary S through a one parameter family S^, with the 
corresponding area A{t) and volume V{t). If / is the normal component of the 
variation, and H is the mean curvature of S, then we get A'{0) = — nHf, and 
V'{0) = Jj^ f where n is the dimension of S, and H is the mean curvature. 

Let E be a hypersurface with boundary F in X. Assume also that there exists a 
hypersurface M with dM = F such that M U S = dO, where is a codimension-0 
submanifold in X, and mean curvature of M is greater than Hq > everywhere 
(inward direction of il). Define V{t) to be the volume of the domain Q,t bounded 
by M and S^. Now, we define a new functional as a combination of A and V. 
Let Init) = A{t) + nHV{t) for H < Hq. Note that Io{t) = A{t). If S is a 
critical point of the functional In for any variation /, then this will imply that S 
has constant mean curvature H fGu], fAR\. Note that the critical points of the 
functional Ih are independent of the choice of the hypersurface M since if Ih is 
the functional which is defined with a different hypersurface M, then Ih — Ih = C 
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for some constant C. In particular, = is the special case of minimal surfaces, 
for which the theory is very well developed llNil . IICMII . 

Definition 2.1. Let S be a hypersurface in a Riemannian manifold X. S is called 
minimal hypersurface if it is critical point of Iq (Area Functional) for any variation. 
Equivalently, S has constant mean curvature at every point. S is called an area 
minimizing hypersurface if S is the absolute minimum of the functional /q (having 
the smallest area) among hypersurfaces with the same boundary. 

For general H, the theory is similar, and called the constant mean curvature 
(CMC) case. 

Definition 2.2. Let S be a hypersurface in a Riemannian manifold X. S is called 
CMC hypersurface if it is a critical point of Ih for any variation. Equivalently, S 
has constant mean curvature H at every point. S is a minimizing CMC hypersur- 
face if S is the absolute minimum of the functional Ih among hypersurfaces with 
the same boundary. 

Notation: From now on, we will call CMC hypersurfaces with mean curvature H 
as H -hypersurfaces. 

We will call any complete noncompact hypersurface T,h as minimizing H- 
hypersurface (area minimizing hypersurface) if any compact codimension-0 sub- 
manifold with boundary of T^h is a minimizing ff-hypersurface (area minimizing 
hypersurface). 

After these general definitions of minimal and ff-hypersurfaces, we will quote 
some basic facts about the i7-hypersurfaces in hyperbolic space. 

First, we fix a codimension-1 closed submanifold F in 5^(H"+^). F separates 
5^(H"+^) into two parts, say r2+ and ^7^. By using these domains, we will give 
orientation to hypersurfaces in H"+^ asymptotic to F. With this orientation, mean 
curvature H is positive if the mean curvature vector points towards positive side 
of the hypersurface, negative otherwise. The following fact is known as maximum 
principle. 

Lemma 2.1. [Maximum Principle] Let Si and T,2 be two hypersurfaces in a Rie- 
mannian manifold which intersect at a common point tangentially. If E2 lies in 
positive side (mean curvature vector direction) 0/ Si around the common point, 
then Hi is less than or equal to H2 ( Hi < H2) where Hi is the mean curvature of 
Sj at the common point. If they do not coincide in a neighborhood of the common 
point, then Hi is strictly less than H2 (Hi < H2). 

With a simple application of this maximum principle, by using horospheres in 
jjn+i^ it is easy to show that if S is a complete -hypersurface in H""*"^ asymp- 
totic to a codimension-1 submanifold F of S^{'ir-~^^), then \H\ < 1 IIColl 

The following existence theorem for minimizing ff-hypersurfaces in H"+^ as- 
ymptotic to F for a given codimension-1 closed submanifold in S^CHJ^^^) was 
proved by Tonegawa |To|, and Alencar-Rosenberg lARJ independently by using 
geometric measure theory methods. 
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Theorem 2.2. flbl , BARII Let T tea codimension-l closed submanifold in (H'^+^ ), 
and let \H\ < 1. Then there exists a minimizing H-hypersurface S in H""^^ where 
OoqS = r. Moreover, any such minimizing H-hypersurface is smooth except a 
closed singularity set of dimension at most n — 7. 

Now, we define the convex hull of a subset A of 5|!^(H""'"^) in H""*"^. If 7 is a 
round n — 1-sphere in S'^(H"+^), then there is a unique geodesic plane P in H"+^ 
asymptotic to 7. 7 separates (H"+^) into two parts A+ and A~. Similarly, P 
divides H"+^ into two halfspaces and with d^D^ = A^. We will call 
the halfspace whose asymptotic boundary contains A as supporting halfspace. i.e. 
if A C A+, then is a supporting halfspace. 

Definition 2.3. Let ^ be a subset of S'^{W^^). Then the convex hull of A, 
CH{A), is the smallest closed convex subset of H"~*"^ which is asymptotic to A. 
Equivalently, CH{A) can be defined as the intersection of all supporting closed 
half-spaces of H"+^ IIEMII . 

Note that the asymptotic boundary of the convex hull of a subset of 5*5^(11"+^) 
is the subset itself, i.e. dao{CH{A)) = A. In general, we say the hypersurface S 
has the convex hull property if it is in the convex hull of its boundary, i.e. S C 
CH{dT,). In special case, if S is a complete and noncompact hypersurface in 
H"+^, then we say S has convex hull property if it is in the convex hull of its 
asymptotic boundary, i.e. S C Cff(5ooS). The minimal hypersurfaces in H"+^ 
have convex hull property BAlll . There is also a generalization of this property to 
i^-hypersurfaces in H"+^ HColi 

Now, fix r and orient all spheres accordingly. If T is a round n — 1-sphere 
in ^^(H"^^), then there is a unique //-hypersurface Ph in H"^^^ asymptotic to 
T for -I < H < 1 MM- T separates S^{ir-+'^) into two parts A+ and A". 
Similarly, Ph divides H"+^ into two domains D~lj and DJj with dooD^ = A^. 
We will call these regions as H-shifted halfspaces. If the asymptotic boundary 
of a //-shifted halfspace contains F, then we will call this //-shifted halfspace as 
supporting H-shifted halfspace. i.e. if j4 C A+, then is a supporting H- 
shifted halfspace. 

Definition 2.4. Let F be a codimension-l submanifold of 5^(H"+^). Then the 
H-shifted convex hull of F, C//h(F) is defined as the intersection of all supporting 
closed //-shifted halfspaces of H"+^. 

Now, the generalization of convex hull property of minimal hypersurfaces in 
jjn+i //-hypersurfaces in H"+^ is as follows [Co l l. Similar versions of this 
result have been proved by Alencar-Rosenberg in IIAR 1. and by Tonegawa in [To]. 

Lemma 2.3. llARl , ijCoTTl Let 12 be a H-hypersurface in H"+i where 9ooS = 
F and \H\ < 1. Then S is in the H-shifted convex hull ofT, i.e. S C C////(F). 

The next result which we give in this section is also a generalization of a result 
on area minimizing hypersurfaces to //-hypersurfaces. 
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Lemma 2.4. MColl Let Ti and T2 be two disjoint codimension-1 closed submani- 
folds in 5'^(H""'"^). IfT,i and S2 are minimizing H -hypersurfaces in H""*"^ where 
doo^i = Tj, then Si and S2 are disjoint, too. 

Now, we give a regularity result for i/-hypersurfaces near infinity due to Tone- 
gawa. 

Lemma 2.5. flbl Let T be C^'°' codimension-1 submanifold in S'^(H"+^) where 
\ < k < n — 1 and Q<a<lork = n and 0<a<l.IfT,isa complete 
CMC hypersurface in H'^"'"^ with 9ooS = T, then Ti UT is a C^'" submanifold 
with boundary in H"+i near T. 

We finish tfiis section with the strong maximum principle due to Simon lISil . 
The maximum principle we mentioned above, Lemma 2.1, is true for smooth hy- 
persurfaces. Since we are working with codimension-1 rectifiable currents (The- 
orem 2.2), by the regularity results of the geometric measure theory, they might 
have n — 7 dimensional singular set. Hence, we need a stronger version of the 
maximum principle which applies to codimension-1 rectifiable currents. Simon 
originally proved the following result for area minimizing rectifiable currents, and 
it naturally extends to minimizing ff -hypersurfaces, too. Other versions of strong 
maximum principle for more general settings can also be found in ISWt and lUIl . 

Lemma 2.6. EH [Strong Maximum Principle] Let Ti and T2 be two minimizing H- 
hypersurfaces in a Riemannian manifold. Let U be an open subset of N such that 
dTi = dT2 = in U, and reg Ti n reg T2 n ^7 = 0. Then spt Ti nsptT2nU = 0. 

In the proof of the main theorem of [Si], Tj is described as the boundary of 
a codimension-0 rectifiable current Ei. By defining Ei as in the description of 
minimizing iJ-hypersurfaces in Section 1 of HARI (or Section 2 of flbl ). the whole 
proof of liSiJ goes through for minimizing //-hypersurfaces case, too. 

3. CMC Foliation for Star Shaped Boundary 

In this section, we will show that if F is the boundary of a star-shaped C^'^ 
domain in (H"+^ ) , then there exists a foliation of H"+^ by CMC hypersurfaces 
{^h} where is a ff-hypersurface with H G (—1, 1) and doo'^H = T. 

First, we need to show that the CMC hypersurfaces {S//} sharing ideal bound- 
ary r are disjoint. 

Lemma 3.1. Let T be the boundary of a star-shaped domain in 5^(H""'"^). IfT^n^ 
and TjH2 ci^^ minimizing CMC hypersurfaces in H"+^ with — 1 < Hi < H2 < 1, 
then S//^ and T1H2 cif^ disjoint. 

Proof: Let's take upper half space model for H"+^. Let origin be the center 
point of the star shaped domain il+ which V bounds in ^^(H"^^). Let 7 be the 
unique geodesic in H""*"^ connecting the origin and 00-point (the vertical line at 0). 
Let '.ptix) = tx be the hyperbolic isometry which is a translation along the geodesic 
7. Then, Vt = 93t(r) be also a boundary of a star shaped domain in ^^^(H"^^). 
Note that as F is boundary of a star shaped domain, Fj n F^ = for any t / 
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s. Hence, the family of closed codimension- 1 submanifolds {r^} in 3^(11^^^) 
foliates (H"+i) - {0, oo}, i.e. 5" (H"+i) - {0, cx)} = Uie(o,oo) T*- 

Let TiHi be the minimizing iJj-hypersurface in H"+^ with doo^Hi = T. We 
suppose the mean curvature vectors of and S^/j point into the domains of 
f{ri+i containing ( < i^i < H2). The same argument adapts to the other 
cases. Let = (ptil^Hi)- Then doo^\j^ = Tf. By Lemma 2.4, T.^^^^ D = 
where t / s. As is continuous family of isometrics, this implies the family of 
minimizing //i-hypersurfaces {S^^} foliates H"+^, i.e. H"+^ = (JtG(o oo) ^//r 

If Sjy^ n T,H2 7^ 0, then let to = inftg(^oo) : 5]^^ n Sj^j = 0}. By F-shifted 
convex hull property (Lemma 2.3), there exists an infimum 1 < to < oo. This 
implies intersects S/^j tangentially and lies in positive side of the 11^2 ■ 
However, by maximum principle (Lemma 2. 1), this is a contradiction as Hi < H2. 
□ 

The more general case of the lemma above will be proved in the following sec- 
tion. The following result is essential for the proof of the main result of this section. 

Lemma 3.2. BGSII Let V be the boundary of a star-shaped C^'^ domain in S'^(H""'"^) 
and \H\ < 1. Then there exists a unique H-hypersurface in H"+^ with 

doo^H = r. 

Now, we show that the unique if-hypersurfaces in the above result indeed foli- 
ates H"+^ 

Theorem 3.3. Let T be the boundary of a star-shaped C^'^ domain in S'^(H""'"^) 
and \H\ < 1. Then there exists a foliation o/H"+^ by CMC hypersurfaces {S//} 
where i^ <^ H-hypersurface in H""*"^ and doo^H = T. 

Proof: By Lemma 3.2, for any H G (—1, 1), there exists a minimizing H- 
hypersurface T,h with doo^H = T. By Lemma 3.1, for Hi ^ H2, T,Hi(~]^H2 = 0- 
To prove the theorem, first we will show that there is no gap between two H- 
hypersurface in the collection {Si/}. Then, we prove that U-i<//<i fills the 
whole H"+^. Observe that by Lemma 2.5, S// is a submanifold in H"+i, 
and hence T,h is separating in H"+i. Let S'S,(H"+^) - L = U 0" and 
H"+i -T,H = D^U Djj with ^oo^*^ = 

Step 1: There is no gap between two //-hypersurface in the collection {Tjh}- i.e. 
Dho = IJh<Ho Dh and I)^, = [^H>H, Djj. 

Proof: Assume that there is a gap in the collection {S/f}. i.e. D^^^ 2 
V}h<Ho (^^^ other case is similar). Let {Hi : Hi G [Hq — e, Hq), i G Z+} 
be an increasing sequence with Hi Hq. Our aim is to build a sequence {5'i} of 
compact iJj -hypersurfaces with Si C S/f. such that a subsequence Si. converges 

to an ffo-hypersurface T,Ho with doo'^Ho = T- Then, by using T,Ho and star- 
shapedness of T (Lemma 3.2), we get a contradiction and prove that there cannot 
be any gap between in the collection {T^h}. 
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Now, we construct the sequence {Si} of compact iJ-hypersurfaces with Si C 
TiHi- Let X be a point in the if-shifted convex hull of T, CHHo(r)- By Lemma 
2.5, the regularity theorem for ff-hypersurfaces near infinity flbl . for sufficiently 
small p > 0, T>H H {xn+i < p} is a graph over F x (0, p) in upper half space model 
for H"+^, i.e. T,h n {xn+i < p} = ^//(r x (0, p)) for some function uh- Let Rq 
be sufficiently large so that n Sj^) C {x„+i < p} in upper half space 

model for H"+^ (Note that dBj^^^ (x) has mean curvature coth i?o > 1 > Hq). Let 
{Ri}be an increasing sequence with Ri > Rq for any i, and Ri —>■ co as i ^ oo. 
Then, d{Bji^{x)nT,Hj = 7j = UH.iai) where at is an (n-l)-sphere in Fq x (0, p). 
Hence, define Si = Br^ {x) fl E/f.. Then, dSi = -)i and 7j — > F as i ^ oo. Also, 
for some sufficiently large K, let NxiCHHai^)) be the i('-neighborhood of the 
//o-shifted convex hull of F. Since for any Hi, Y^Ui C CHui (F), by replacing e if 
necessary, we can assume that Si C NK{CHH^j{r)) for any i. 

Now, for any i, Si is the minimizer of the functional In^it) = ^{t) + nHiV{t) 
for fixed boundary 7^ C dBR.{x), where A is the area of the codimension- 1 
submanifold in Br.{x), and V is the volume of the component which the sub- 
manifold separates in Br^{x) by flbl . HARl . Observe that Hi Hq and Si C 
NKiCHHo iT)) with dSi = ji^T. By adapting the proof of theorem 3 in |AR|, 
we get a subsequence Si- — > TjHq where T^h^ is a minimizing i^Q-hypersurface 
with doo^Ho = F as follows. Let A„ = Bn{x) where n € N with n > No 
where A'^o is sufficiently large that Nk{CHhq{^)) separates Atvq into two parts. 
We claim that for any n > Nq, snq can find uniform area bounds Cn,Cn > such 
that c„ < l^i n A„| < Cn- Then by using the compactness theorem for integral 
currents llFel . we get the desired limit T^h^. Fix n > Nq. For any i > n, ji is not 
nullhomologous in Nk{CHhq{T)) — A„ by construction. Hence, Si n A„ 7^ 0. 
However, since Si is a minimizing ffj-hypersurface, \Si n A„| < |9A„| by Corol- 
lary 1.1 of [AR], and let C„ = |aA„|. 

Now, we define c„. Let a be a round (n-l)-sphere in Q.'^ and P be the unique 
if-hypersurface which is a hyperplane (an equidistant sphere) with dcx^P = ol and 
P n NK{CHHo(r)) = 0- Further assume that, P n A^o / 0, by modifying A^o 
if necessary. Recall that NK{CHHo(r)) separates A„ into two components. Fix 
a point Qn in the component not intersecting P. For any point pin P n A„, let Ip 
be the unique geodesic segment connecting p and We claim that any geodesic 
segment Ip starting at p G P n A„ intersects 5j n A„ for any i. We can see this as 
follows. NK{CHHo(r)) separates A„ into two parts. Any Ip connects these two 
parts in A„ (Note that since A„ is convex, Ip C A„). Since Ip connects different 
components of H"+^ — Nk{CHho{^)) in A„, and ji is not nullhomologous in 
NK{CHHo(r)) — A„, 7j cannot be nullhomologous in NxiCHHai^)) — Ip either. 
Hence, for any i, SiCilp ^ 0. Since A„ n A'^ft:(Ci?//g(F)) is compact, the geodesic 
projection of Si n A„ from g„ onto P has bounded distortion. Then, there exists 
A„ > such that \Si fl A„,| > A„|P fl A„,| and define c„ = A„|P fl A„|. Hence, 
we found uniform area bounds c„, C„ > such that c„ < |5i fl A„| < C„. Then 
by using the compactness theorem for integral currents ( IFel . Theorem 4.2.17) 
and isoperimetric inequality, for each fixed n, a subsequence Si^ fl A„ converges 
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to a minimizing i/o-minimizing hypersurface S^^^ in A„ ( by the lower bound 

Cn, is nonempty for each n). By repeating the argument for each n > Nq 
for the new sequence, the diagonal sequence argument gives a subsequence 5,^. 

converging to an integral n-current T,Ho on any compact set, in the weak topology. 
By construction, S^/g is a minimizing f^o-hypersurface in H"+^ with doo^Ho = 
Note also that by construction, S//,, may not be smooth everywhere, and it might 
have at most n — 7 dimensional singular set by the regularity theorems of the 
geometric measure theory iFel . 

Now, because of the gap, T^Hq cannot be same with S/f,,- Hence, we get two 
different minimizing i^o -hypersurface with asymptotic boundary T. We cannot 
directly use the uniqueness statement in Lemma 3.2, and get the contradiction be- 
cause the uniqueness statement is for the smooth hypersurfaces while T^Hq may 
not be smooth everywhere. Hence, we get the contradiction as follows. We know 
that r is star shaped. Let ipt, Tt, and S^^^ = iptiT^Hc,) be as in the proof of pre- 
vious lemma. Since n = when t / s, by Lemma 2.4 and Lemma 2.6, 
T,Ho n = for any t 7^ 1. Since S^^^ foliates whole H""*"^ by construction, 

this implies S/^g = = S/Zq, which is a contradiction. The other cases are 
similar. Hence, this shows that there is no gap between two i^-hypersurface in the 
collection {S//}. □ 

Step 2: The collection {S^} fills H"+\ i.e. = U-i<i?<i ^h- 

Proof: Assume that H"+i / \J-i<h<i ^h- Recall that S^{W+^) - T = 
n+ U 0- and H"+i - T^h = U Dj^ with dooD% = Q^. If H"+i / 
[J-i<H<i ^H, then either CI-khki Djj^^ov n-i<i^<i 1^ 0- Note that 
£ D^^^ when Hi < H2, and hkewise Z)^^ ^ Dj^^ when Hi > H2. With- 
out loss of generality, assume that Z = n-i<H<i ^ ^- Now, the idea is 
to construct a minimizing 1 -hypersurface Si with doo^i = T, by using the con- 
struction in previous part. In the previous construction, we used NxiCHHoi^)) 
as barrier, however we cannot define 1-shifted convex hull CHi{T) by definition. 
Instead of CHi{T), we define d = Nk{X) where X = L>f_^ - Z. Then for any 

Hi d {I - e, 1), T^H, C C. Let Hi <Z {I - e, 1) and Hi / 1, and define the 
sequence {5^} of compact ffj -hypersurfaces with Si = Bji. {x) n S//. as before. 
Hence, we can get the upper bounds C„ such that |A„ Pi Si\ < Cn = \dBn{x)\ 
as before. For lower bound c„, since we cannot define 1-hypersurface P with 
dooP = a in that construction, we use (1 — e)-hypersurface P' with d^^P' = a to 
define the lower area bounds c„ to ensure that the limit is nonempty. An alternative 
way to show that we get nonempty limit is as follows. Let z be a point in Z, let y 
be a point in and let /? be a path between z and y. Since Dj^^ ^ Djj^ when 
Hi > H2, for any i, /? n S'j 7^ and let Wi be a point in /? n Si. As /? compact, any 
subsequence of {wi} will have a limit point in H"+^. Hence {Si} cannot escape to 
the infinity, and we have a nonempty limit. Hence, the proof in previous part goes 
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through, and a subsequence Si - converges to a minimizing 1-hypersurface Si with 

9ooSi = r. 

Now, this gives a contradiction as there cannot be a 1-hypersurface in H*^"^^ 
because of the horospheres (ibl-hypersurfaces), and the maximum principle. In 
particular, let p be a point in 17+ C S'^(H"+^). Let be the horospheres in 
H"+^ with dooH^ = {p} and R is the radius of the horosphere in Euclidean 
metric on H"+i in Poincare ball model (Hence, < i? < 1). Let c = sup{0 < 
R < 1\ H^nTji = }. Then, He is a minimizing 1-hypersurface which intersects 
Si at a point q (the point of first touch) and completely lie in one side of Si. If g 
is a regular (smooth) point of Si, this is a contradiction by the maximum principle 
(Lemma 2.1). If q is not a regular point of Si then the contradiction comes from 
the strict maximum principle in |[S3 (Lemma 2.6). □ 

By Step 1 and Step 2, the collection of minimizing i7-hypersurfaces {S//} gives 
a foliation of H""*"^, hence the proof follows. □ 

4. CMC Foliation for General Case 

In this section, we will show that if F is a C^'" closed codimension-1 subman- 
ifold in S'^{W+'^) such that for any e (-1, 1), there exists a unique CMC 
hypersurface Sj^ with dooTiu = T, then the collection of CMC hypersurfaces 
{S//} foliates H""*"^. In other words, in this section, we will show that the star- 
shapedness condition on T in previous section is not essential, but bounding a 
unique CMC hypersurface for any € (— 1, 1) is the key condition. 

First, we will generalize Lemma 3.1, the pairwise disjointness result in previous 
section to a new setting. 

Lemma 4.1. Let T be a C^'" closed codimension-1 submanifold in 5*^(11"+^). If 
TiHi and Sjjj cirs minimizing CMC hypersurfaces in H""*"^ with doo^ Hi = (ind 
— 1 < Hi < H2 < 1, then T,Hi and T,h2 are disjoint. 

Proof: By Lemma 2.5, the regularity theorem for //-hypersurfaces near infin- 
ity flb ll. for sufficiently small p > 0, T.h n {xn+i < p} is a graph over F x (0, p) 
in upper half space model for H"+^, i.e. Sj^ n {xn+i < p} = iiH(F x (0, p)). Let 
p G H"+^ be a point, and i2o > be sufficiently large that dBR^{p) = Sr^{p) C 
{xn+i < p} (Note that Sii^{p) has mean curvature cothiio > 1 > H2). By p.599 
in flbl . the estimate Uy = ^^^'2. \/l + |V(^(x)p implies that for sufficiently 
small e > 0, uhi{x, e) < uh2{x, e) where x G F and < Hi < H2. Hence, if 
li = Sro (p) n ^Hi, then 71 n 72 = 0. 

Let Si = S/fj n Bj^^{p) and 7j = dSi. Also, let ilj be the region which Si 
separates in iJ/j,, (p) where the mean curvature vector on Si points outside of Q,i 
(without loss of generality, we assume < //i < i/2 < 1- If both negative, just 
change the direction. If different signs, same argument works as area minimizing 
hypersurface Sq would be a barrier between them [AR]). An alternative way to 
think about this picture is the Poincare ball model in H"+^ (See Figure 1). Hence, 
if we can show that Q2 is strictly included in f^i, we are done (Si cannot touch ^2 
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because of maximum principle, Lemma 2.1). This is because this implies S'inS'2 = 
0, and we already know T^Hi — Si is disjoint from T,h2 ~ ^2 by |To |. 

Assume that — J^i 7^ 0. Since S/^. are minimizing ifj-hypersurfaces, then 
so is Si, and hence l-Sjl + nHi\Ui\ are minimizers for the functional In.it) = 
A{t) + nHiV{t) for the fixed boundary 7^. Consider Q.^ = 1^2 H l^i and ^2 = 
80.2 ~ Srq{p) which is another hypersurface in Bjig{p) with 882 = 72- Let Q = 
172-f^i;LetTi = dQnSi,T2 = 5Qn52with52 = S2nQi. Then, ^2 = 52Ur2, 
5*2 = 5*2 U Ti, and Q2 = ^2 U Q. Since ^2 is a minimizing i/2-hypersurface, 
\S2\+nH2\n2\ < |5^|+nF2|17'2|. This implies (|52| + |r2|) + nF2(|l^'2| + |Q|) < 
(|52| + |Ti|) + nH2\^'2\. After cancelations, we get \T2\ + nH2\Q\ < \Ti\ . 

Similarly, let Si = Si - Ti and S[ = Si U T2 and Q[ = QiUQ. Again, 
since is minimizing i^i -hypersurface, then l^il + nHi\Qi \ < + nHi\Q[\. 
This implies {\Si\ + \Ti\) +nHi{\Qi\) < {\Si\ + \T2\) + nHi{\ni\ + \Q\). After 
cancelations, we get |Ti| < IT2I + nHi\Q\. If we combine this with the previous 
inequality, we get \T2\ + nH2\Q\ < < |r2| + ni/i|(5|. This implies H2 < Hi 
which is a contradiction. □ 

In a sense, this lemma is a generalization of Lemma 3.1. Now, we generaUze 
Theorem 3.3. The technique is basically same. 

Theorem 4.2. Let T be a C^'" closed codimension-1 submanifold in S'^(H"'''^). If 
for any H G (—1, 1), there exists a unique CMC hypersurface T,h with doo^H = 
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r, then, the collection of CMC hypersurfaces {^h} with H G {—1^1) foliates 

Proof: By Lemma 4.1, S^i H Sj^j = for Hi ^ H2. By using Lemma 
4.1 instead of Lemma 3.1, the proof of Step 1 of Theorem 3.3 adapts to this case 
easily, hence there cannot be any gap in the collection {S/f}. Similarly, the proof 
of Step 2 of Theorem 3 also goes through in this case, and this shows {Sj/} fill out 
the whole H""*"^. The proof follows. □ 

5. Final Remarks 

First we should note that Nelli-Spruck's uniqueness result does not automati- 
cally give a foliation when it is combined with our result. 

Theorem 5.1. LNSJ Let Q be a C^'" mean convex domain in ^^(H"^^) and F = 
dQ. Then for each H € (0, 1) there exists a complete embedded hypersurface M 
jjn+i of constant mean curvature H with dooM = T. Moreover, M can be 
represented as a graph Xn+i = u(yX) over Q. with u € C^'°(r2) and there is a 
unique such a graph. 

Unfortunately, this result for C^'" mean convex domains does not give unique- 
ness in general. Other than the obvious reason H G (0, 1), it only asserts the 
uniqueness of the graphs, where there still might be other CMC hypersurfaces 
which may not be represented as graph. So, for this case. Theorem 4.2 cannot be 
applied directly. However, for the question whether the collection of CMC hy- 
persurfaces {^H}H^{i),i) in theorem above is a foliation of graphs or not, our 
techniques might be used, if one can show that the pairwise disjointness of the 
graphs, and that the limit of the graphs is also a graph in that setting. Hence, with 
pairwise disjointness, the only possibility not to have a foliation would be to have 
a gap, but the existence of a gap in the fohation would contradict the uniqueness of 
graphs in the theorem above. 

For the nonexistence question, by using the techniques of IICo2l . it is possible 
to show the existence of a simple closed curve T in 5*^(11^) such that there is no 
foliation of by CMC hypersurfaces {Sj/} with d^T^H = T. In particular, such 
a foliation implies the uniqueness of not only minimizing CMC hypersurfaces, but 
also any type of CMC hypersurfaces with asymptotic boundary F. In dimension 3, 
by Hass's result in [HaJ and Anderson's result in IIA2L there are examples of Jor- 
dan curves in 5^(H'^) bounding many minimal surfaces in H^. Hence, for those 
curves in S'^(H?), there cannot be a foliation of by CMC surfaces because of 
the maximum principle. 

On the other hand, recently in liWal . Wang showed that if a quasi -Fuchsian 3- 
manifold M contains a minimal surface whose principle curvature is less than 1, 
than M admits a foliation by CMC surfaces by using volume preserving mean 
curvature flow. If we hft this foliation to the universal cover, we get a foliation of 
by CMC surfaces with same asymptotic boundary which is the limit set of M. 
However, the limit set of quasi-Fuchsian manifolds are far from being smooth, even 
they contain no rectifiable arcs ( LBeJ ). Existence of one smooth point in the limit 
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set implies the group being Fuchsian, which means the hmit set is a round circle 
in 5^(H'^). Even though the foliation constructed in BWal induces a foliation of 
by CMC surfaces, since the limit sets in ^^(H^) are nonrectifiable, Wang's 
results and the results in this paper should be considered in different contexts. Also 
in tWa\, Wang constructs a limit set F of a quasi-Fuchsian 3-manifold which is 
similar to the one in BHal . where there cannot be a foliation of H'^ by CMC surfaces 
with asymptotic boundary F. This also implies the existence of a quasi-Fuchsian 
3-manifold which has no foliation by CMC surfaces. 
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